In this paper, we give a criterion for the irreducibility of certain induced representations, including, but not limited to, degenerate principal series. More precisely, suppose G is the F -rational points of a split, connected, reductive group over F , with F = R or p-adic. Fix a minimal parabolic subgroup P min = AU ⊂ G, with A a split torus and U unipotent. Suppose M is the Levi factor of a parabolic subgroup P ⊃ P min , and ρ an irreducible representation of M . Further, we assume that ρ has Langlands data (A, λ) in the subrepresentation setting of the Langlands classification (so that ρ → Ind 
The approach used to obtain our criterion is based on an argument in [Tad1] . We note that, since F may be real or p-adic, this gives an instance of Harish-Chandra's Lefschetz principle in action (cf. [H-C] ).
We now discuss the contents, section by section. In the first section, we review notation and give some background. The second section contains the main irreducibility result (cf. Theorem 2.6). This tells us the induced representation is irreducible if three conditions -denoted ( * ), ( * * ), ( * * * ) -all hold. As mentioned above, these conditions involve the irreducibility of representations induced up to Levi factors of standard parabolic subgroups. In the third section, we show that ( * ) implies ( * * * ) (cf. Proposition 3.3). In the fourth section, we give a more explicit description of ( * ) when G = Sp n (F ) (cf. Lemma 4.1), and use this to show that ( * ) implies ( * * ) for G = Sp n (F ) (cf. Proposition 4.2). To show that ( * ) implies ( * * ) for G = Sp n (F ), we use the results of [Gol] , so that, at this point, we assume that if F is p-adic, charF = 0. We also discuss other cases where ( * ) implies ( * * ), and give an example where it does not. In the fifth section, we apply these results to the example of degenerate principal series for Sp n (F ), i.e., P = MU is maximal and ρ is one-dimensional (cf. Corollary 5.2). We also compare the results to known results for degenerate principal series for Sp n (F ), to see that the converse to Theorem 2.6 fails. Finally, in the sixth section, we do two more examples. One is an application of our results to degenerate principal series for G 2 (F ); the other is an example of how some of the ideas used here can be applied to show irreducibility for a degenerate principal series representation of Sp n (F ) not covered by Corollary 5.2.
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Notation and preliminaries.
In this section, we introduce notation and give some background results. Note that this paper only deals with admissible representations; in what follows, any representation introduced is assumed to be admissible.
Throughout this paper, F = R or F p-adic. In the fourth and fifth sections, we also assume that if F is p-adic, charF = 0. We let | · | denote absolute value on F ; for F p-adic, it is normalized so that | | = q −1 , where is a uniformizer and q is the order of the residue field. In this paper, G denotes the F-points of a split, connected, reductive group over F .
Let P min denote a minimal parabolic subgroup for G. It admits a Levi decomposition P min = AU , with A a split torus and U unipotent. We let ∆ denote the set of roots of G with respect to A; nd ∆ the subset of nondivisible roots. The choice of P min determines a subset ∆ + ⊂ ∆ of positive roots. Let Π ⊂ ∆ + denote the simple roots. The Weyl group is W = N G (A)/A. If s α denotes the reflection associated to α ∈ ∆, then we may also characterize the Weyl group as W = s α α∈Π . Let denote the length function on W , i.e., (w) is the number of simple reflections in a reduced expression for w. We let w 0 denote the longest element of W (note that w 2 0 = 1). Fix P min . The standard parabolic subgroups, i.e., those containing P min , are parameterized by subsets Φ ⊂ Π. In particular,
(We will not be too careful about distinguishing between an element of W and a representative for it in G.) All parabolic subgroups are conjugate to a standard parabolic subgroup. If P is a standard parabolic subgroup with Levi factorization P = MU, we call M a standard Levi subgroup. If M is the standard Levi subgroup associated to Φ M ⊂ Π, we let ∆ M denote the roots for M , ∆
The following subsets of W will play an important role in this paper: If M , N are standard Levi subgroups, set
W MN may also be characterized as follows: w ∈ W has w ∈ W MN if and only if w is the minimal length element in the double-coset W N wW M .
Let P = MU be a standard parabolic, ρ a representation of M . We let i GM (ρ) = Ind G P (ρ ⊗ 1) denote the induced representation (normalized induction).
It will occasionally be useful to write the inducing representation differently. Let P = MU be a standard parabolic, A M the maximal F -split torus lying in the center of M . Let a M denote the real Lie algebra of A M . For F p-adic, it is defined by
There is a homomorphism
If ρ is an irreducible essentially tempered representation of M , there is a unique irreducible tempered representation σ of M and unique ν ∈ a *
It is in this context that we discuss the Langlands classification. We now turn our attention to the Langlands classification ( [Lan] , [Sil] , [B-W] ). Our discussion here most closely resembles that in [Sil] . In this paper, it will be convenient to use the subrepresentation form of the Langlands classification, though we also describe the quotient form below. If P = MU is a standard parabolic, let Π(P, A M ) ⊂ a M denote the set of simple roots for (P, A M ) and
We note that Π(P, A M ) may be viewed as the nonzero projections to a *
M of Π. If σ is an irreducible tempered representation of M and ν
) has a unique irreducible subrepresentation (Langlands subrepresentation). Further, for any irreducible (admissible) representation π of G, there is a unique standard P = MU, with a unique (up to equivalence) irreducible tempered representation σ of M and a unique ν ∈ (a *
M )
− , such that π is the unique irreducible subrepresentation of i GM (σ⊗e
, we write L(ρ) for the Langlands subrepresentation. Note that L(ρ) occurs with multiplicity one in i GM (ρ). We call (M, ρ) a set of Langlands data. The quotient version of the Langlands classification is similar: If P = MU is a standard parabolic, σ an irreducible tempered representation of M , and ν ∈ (a *
) has a unique irreducible quotient (Langlands quotient). The admissible dual may be classified this way as well. The relationship between the Langlands data for the subrepresentation and quotient versions of the Langlands classification is included in the lemma below. (We note that if one introduces nonstandard parabolic subgroups into the picture, the relationship is immediate from the [B-W] proof: If π has Langlands quotient data (P, ρ), then it has subrepresentation data (P , ρ), and vice-versa, where P denotes the parabolic subgroup opposite P .)
Proof. The proof for G = Sp n (F ) is in Section 6 of [Tad1] .
In general, for (1), consider the unnormalized standard intertwining operator
where P denotes the parabolic subgroup opposite P . It is a straightforward matter to check that Ind
. By definition, the former gives L(ρ) as a Langlands quotient; the latter as Langlands subrepresentation.
For (2), first observe that by contragredience, L(ρ) is the unique irre-
. Sinceσ is irreducible tempered and −ν ∈ (a *
+ , (M,ρ) meets the requirement for Langlands quotient data. In particular, it is the Langlands quotient data for L(ρ). Next, note that we can write w 0 = w 0 w 0 , where w 0 ∈ W M of maximal length. We then observe that (w 0 ) −1 ∈ W M A of maximal length (a consequence of the fact that w 0 w 0 w 0 ∈ W M of maximal length). Finally, using (1) to convert back to Langlands subrepresentation data, we see that
Later in this paper, we look at the the example of G = Sp n (F ). We now introduce some notation which will be needed then.
(using τ = 1 to denote the trivial representation of Sp 0 (F ), if needed).
Irreducibility criterion.
The main result in this section, Theorem 2.6, gives irreducibility for certain induced representations if the conditions ( * ), ( * * ), ( * * * ) below hold. In subsequent sections, we show ( * ) implies ( * * * ) and, in certain cases, ( * * ) as well.
Suppose that M is a standard Levi subgroup of G, λ a character of A, and (A, λ) satisfies the requirements to be Langlands (subrepresentation) data for M . That is, if we write
, where Φ M ⊂ Π is the subset of simple roots corresponding to M and
In particular, there is an irreducible admissible representation of M having Langlands data (A, λ); we denote this representation by L M (λ). Theorem 2.6 is concerned with showing irreducibility for
with W MN as in Section 1. If Π = {α 1 , . . . , α n }, let M i denote the standard Levi subgroup associated to {α i } ⊂ Π. Then, as the first of our three conditions, we suppose that
We next give a pair of lemmas which lead up to Proposition 2.4.
there is a simple reflection s i and a w ∈ W
MA such that w = s i w with (w) = (w ) + 1. 
MMi requires w to be the minimal length element of the double coset, this forces w = w. Therefore, w ∈ s i wW M , contradicting the observation that s i ∈ wW M w −1 . Thus, s i w must be the shortest element of s i wW M , finishing up the proof that s i w ∈ W MA , and the lemma. 
Proposition 2.4. If ( * ) holds, then
We need the following lemma to set up the second condition for irreducibility.
Lemma 2.5.
Proof. Since W acts transitively on the Weyl chambers, there is a w 1 ∈ W (possibly more than one) such that w 1 · ν λ ∈ (a * ) − . We claim that such a w 1 necessarily lies in W MA . Fix such a w 1 . Then, we have
We now give the second irreducibility condition. Fix w 1 , λ 1 as in Lemma 2.5 and set
Assume that
Observe that if ν λ1 = w 1 ·ν λ , then (in the notation of Section 1) (ν λ1 ) MΦ 1 = 0 and (ν λ1 )
We now give the third irreducibility condition. 
Proof. First, from Proposition 2.4 and ( * ),
In particular, π → i GA (λ 1 ). From ( * * ) and the fact that (
). Therefore, π 1 must be the unique irreducible subrepresentation of π. Consequently,π 1 is the unique irreducible quotient ofπ. Next, observe that by Lemma 1.1,
By Proposition 2.4 and ( * * * ), we havẽ
Further, we claim that for a suitable w ∈ W MA , we have ww 0 = w 0 w 1 . This amounts to verifying that w 0 w 1 w 0 ∈ W MA . To see this, take
Next, we claim thatπ 1 is the unique irreducible subrepresentation of i GA (w 0 ·λ 1 ). By Lemma 1.1, if w Φ1 ∈ W MΦ 1 A of maximal length and w Φ1 ∈ W MΦ 1 of maximal length,
by ( * * ). In particular, by Lemma 2.7 (below),π
as unique irreducible subrepresentation, as claimed. Finally, sinceπ 1 → i GA (w 0 ·λ 1 ) as unique irreducible subrepresentation andπ → i GA (w 0 ·λ 1 ), we see thatπ 1 is the unique irreducible subrepresentation ofπ. On the other hand, we showed above thatπ 1 is the unique irreducible quotient ofπ. This means π 1 must appear as both the unique irreducible subrepresentation and unique irreducible quotient of π. However, since
and π 1 appears with multiplicity one in i GMΦ 1 (i MΦ 1 A (λ 1 )), π 1 appears with multiplicity one in π. The only way this can happen is if π = π 1 , giving the desired irreducibility.
given by c(x) = w 0 xw 0 −1 . One can check that this gives rise to a bijective map
where Cf is defined by (Cf )(c(x)) = f (x). One can then verify that C(w 0 · π 1 ) = π 2 C, giving the equivalence claimed.
The condition ( * * * ).
In this section, we show that the condition ( * ) in the previous section implies ( * * * ). 
As long as α i ∈ w 0 ww 0 · ∆ 
(This follows easily from the fact that w 0 · ∆
However, from above, we have
which finishes the proof. . This is the inverse map.
We now come to the proposition that ( * ) implies ( * * * ). 
The proposition then follows from the preceding corollary.
The condition ( * * ).
In this section, we show that the condition ( * ) of Section 2 implies ( * * ) when G = Sp n (F ). We also show that ( * ) implies ( * * ) for general G under certain conditions on λ. We close by giving an example to show that ( * )
does not imply ( * * ) in general. We note that the proof that ( * ) implies ( * * ) for G = Sp n (F ) uses the results of [Gol] . So, for this section and the next, we assume that if F is p-adic, charF = 0. We start by giving a more explicit description of ( * ) for Sp n (F ). This description will also be useful in the next section.
Then, ( * ) holds if and only if the following are all irreducible:
Proof. First, let us discuss W MA · λ. We may characterize an element of W MA · λ as a shuffle of
for some j 1 , . . . , j k , where 0 ≤ j i ≤ m i . We use shuffle in the conventional sense: a permutation for which the relative orders within (1), (1) , . . . (k), (k) , (k+1) are preserved (e.g., if χ 1 ⊗· · ·⊗χ n is such a shuffle, and χ r = χ 
with r ≤ k. It is also easy to see from the discussion above that for χ r,s with r ≤ k, there is some w ∈ W MMn A and some χ 1 , . . . , χ n−1 such that (χ r,s 1) . Thus, the case i = n gives rise to condition 2 in the statement of the lemma. Now, suppose i < n. In a similar manner, we can see that for w ∈ W MMi A , i MiA (w · λ) has one of the following forms:
Further, for χ r,s , χ r ,s with r < r , one can see that for some i, there is a w ∈ W MMi A and χ 1 , . . . , We now give a proposition which says ( * ) implies ( * * ) for Sp n (F ). 
Proposition 4.2. Let
with α i ∈ R, α 1 < · · · < α < 0, and ρ i,j a unitary character of F × . Then,
) are all irreducible (more generally, inducing a discrete series representation of a standard Levi subgroup of GL k (F ) always results in an irreducible representation). It remains to use the hypotheses of the proposition (i.e., ( * )) to show that (ρ +1,1 × · · · × ρ +1,k +1 1) is irreducible.
Recall that λ is Langlands data for a standard Levi subgroup
with β i,j ∈ R and τ i,j a unitary character of F × . To be Langlands data for M , we must have
r,s , we must have r ≤ k. Then, by condition 2 of Lemma 4.1, we have ρ +1,i 1 is irreducible. However, we know, from [Gol] , that ρ +1,1 × · · · × ρ +1,k +1 1 is irreducible if and only if ρ +1,i 1 is irreducible for all i = 1, . . . , k +1 . This finishes the proposition.
Combining Theorem 2.6, Propositions 3.3 and 4.2, we see that ( * ) is enough to give irreducibility for G = Sp n (F ). We note the similarity of this to 3 ⇒ 1 in Theorem 3.1.2 [Jan1] (though both the hypotheses and techniques used there are different).
We now give another situation where ( * ) implies ( * * ). We return to the more general G of Section 1.
Remark 4.3. Suppose that
Proof. As noted earlier, by the construction of Φ 1 , we have (ν λ1 ) MΦ 1 = 0 and (ν λ1 )
Since the trivial representation induces irreducibly, we see that
Remark 4.4. The same proof shows ( * ) implies ( * * ) for the classical group SO 2n+1 (F ). However, as the following example shows, we do not have ( * ) implies ( * * ) in general. Let G be the classical group SO 4 (F ) with F p-adic; ψ a nontrivial character of
If α 1 = e 1 − e 2 , α 2 = e 1 + e 2 denote the two simple roots, then both
to be irreducible. In short, ( * ) holds. Consider ( * * ). For ( * * ), we may take λ 1 = ψ ⊗ 1 and have M Φ1 = G. Thus, ( * * ) holds if π is irreducible. However, an R-group calculation (or a Hecke algebra calculation if ψ is unramified) shows π is reducible. Thus, in general, ( * ) need not imply ( * * ).
The example of degenerate principal series for Sp n (F ).
In this section, we apply the results of the preceding sections to the example of degenerate principal series for Sp n (F ). These examples show that, in general, the converse to Theorem 2.6 does not hold. We start by recalling some well-known reducibility results for GL 2 (F ) and Sp 1 (F ) = SL 2 (F ).
Lemma 5.1. Induced representations for GL 2 (F ), SL 2 (F ) have the following reducibility points:
(1) For GL 2 (R), χ 1 × χ 2 has the following reducibility points:
where sgn denotes the unique order two character of R × . It is irreducible everywhere else.
(2) For SL 2 (R), χ 1 has the following reducibility points:
It is irreducible everywhere else. 
, with α ∈ R and χ 0 unitary. Then, Theorem 2.6 gives us the following irreducibility points:
If k = 2, α = 0 is also an irreducibility point.
Proof. By Theorem 2.6 and Propositions 3.3 and 4.2, we have irreducibility if ( * ) holds. Now, for χ = | · | α χ 0 , we have
Therefore, by Lemma 4.1, ( * ) holds if the following representations are all irreducible:
It is now a straightforward matter to use the known reducibility points for GL 2 (F ) and Sp 1 (F ) = SL 2 (F ), listed in Lemma 5.1, to obtain the corollary.
At this point, it is natural to ask whether the irreducibility points given in Corollary 5.2 are actually all of the irreducibility points. The answer is no. This may be seen by comparing the results in Corollary 5.2 with known results for degenerate principal series (for F p-adic, see Theorem 4.3, [Jan2] ; for F = R, k = 1, see Proposition 10.3 [Cop] or Theorem 2.6 [Tho] ; for F = R, k = n, see Theorem 4.1 [Lee] and Theorem 1 [K-R]).
Further examples.
In this section, we give two additional examples. The first is an application of the irreducibility criteria to degenerate principal series for G 2 (F ). In the second example, we show how some of the ideas used in this paper can be applied to show irreducibility for a degenerate principal series representation of Sp n (F ) not covered by Corollary 5.2.
For G = G 2 (F ), charF = 0, let α 1 denote the long simple root and α 2 the short simple root. Let s i denote the simple reflection associated to α i and P i = P min , s i = M i U i the corresponding maximal parabolic subgroup. Note that both M 1 ∼ = GL 2 (F ) and M 2 ∼ = GL 2 (F ) ( [Sha] ). We choose the realization of G 2 which hasα 1 (t) = diag(t, t −1 ) andα 2 = diag(t −1 , t 2 ). (More on the structure of G 2 may be found in [Kim] or [M] .) We note that with this realization, if χ 1 ⊗ χ 2 is a character of A, we have
2 . We shall apply the irreducibility criteria of Theorem 2.6 to the degenerate principal series representations i GM1 (χ • det 2 ) and i GM2 (χ•det 2 ). We note that for i GM1 (χ•det 2 ), we have λ = |·|
χ, which has χ • det 2 as its Langlands subrepresentation). First, we claim that ( * * ) holds for −k is an irreducible representation of GL 2k+1 (F ) (for F padic see [Zel] ; for F = R, see [H] ), and (2) | · | −k triv k is an irreducible representation of Sp k+1 (F ) (for F p-adic, see [Tad2] ; for F = R, see [Cop] or [Tho] ). We note that this argument does not require charF = 0 -it is enough to assume that if F is p-adic, charF = 2.
We show the irreducibility of 1 GL(2k+1,F ) triv k by induction on k. More precisely, we show that
The case k = 0 is trivial. In general, we have We remark that in the case F p-adic, the proof of this fact was originally done using Jacquet module arguments. (The proof is not given explicitly in [Jan2] as it is essentially the same as the proof of Lemma 4.2 there.) The argument above has the advantages that (a) it works for F = R as well, and (b) it is significantly shorter.
